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In this paper we describe the mode-to-mode energy transfers and energy fluxes of MHD
turbulence. These energy transfers are very useful for understanding the turbulence
dynamics, as well as for applications such as dynamo. We illustrate how the energy
fluxes provide valuable insights into the mechanism of growth of the large-scale magnetic
energy in dynamo.
1. Introduction Turbulence is highly intractable problem, primary due to
the strong nonlinearity. The most well-known result of hydrodynamic turbulence is
by Kolmgorov [1]. According to this theory, when the fluid is forced at large scales,
a constant energy flux Π flows from large scales to small scales via intermediate
scale. In the intermediate scale, the energy spectrum is E(k) = KKoΠ
2/3k−5/3,
where KKo Kolmogorov’s constant.
MHD turbulence is more complex than hydrodynamic turbulence due to more
number of variables (velocity and magnetic fields) and parameters (viscosity and
magnetic diffusivity). Also, the equations of MHD turbulence has four nonlinear
terms that induces more kinds of energy fluxes. In this paper we describe these
fluxes for MHD turbulence. Also, these fluxes are best derived using “mode-to-
mode energy transfers” [2, 3], which will also be discussed in this paper.
The outline of the paper is as follows: In Sections 2 and 3 the dynamical
equations and energy equations respectively. The mode-to-mode energy transfers
as well as their physical interpretations are described Sec. 3. In Sec. 4 we discuss
the energy fluxes in MHD turbulence. Sec. 5 contains an application of energy
fluxes to dynamo. We conclude in Sec. 6.
2. Governing equations: The equations of incompressible magnetohy-
drodynamics are
∂u
∂t
+ (u · ∇)u = −∇p+ (B · ∇)B + ν∇2u + Fext, (1)
∂B
∂t
+ (u · ∇)B = (B · ∇)u + η∇2B, (2)
∇ · u = ∇ ·B = 0, (3)
where u,B, p are respectively the velocity, magnetic, and pressure fields, ν is the
kinematic viscosity, and η is the magnetic diffusivity. Note that the pressure p
is sum of hydrodynamic and magnetic pressures, and B could include a constant
magnetic field (corresponding to wavenumber k = 0). Fext is the external force
field, which is typically employed at large scales.
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In Fourier space, the above equations are transformed to
d
dt
u(k) + Nu(k) = −ikp(k) + Fu(k)− νk2u(k) + Fext(k), (4)
d
dt
B(k) + NB(k) = FB(k)− ηk2B(k), (5)
k · u(k) = k ·B(k) = 0, (6)
where the nonlinear terms are
Nu(k) = i
∑
p
{k · u(q)}u(p); NB(k) = i
∑
p
{k · u(q)}B(p), (7)
Fu(k) = i
∑
p
{k ·B(q)}B(p); FB(k) = i
∑
p
{k ·B(q)}u(p), (8)
where k = p + q. The terms Nu(k),NB(k) represent the advection of the velocity
and magnetic fields by the velocity fluctuation u(q), while Fu is the Lorentz force,
and FB corresponds to the nonlinear term (B · ∇)u. The pressure is determined
using
p(k) = i
1
k2
k · [Nu(k)− Fu(k)]. (9)
We assume that Fext(k) is divergdence-free.
We also define the modal kinetic and magnetic energies using the following
formulas:
Eu(k) =
1
2
|u(k)|2; Eb(k) = 1
2
|b(k)|2. (10)
In the next section we describe the equations for the kinetic and magnetic energies,
and derive formulas for the mode-to-mode energy transfers for MHD turbulence.
3. Energy equations: In real space, the equations for the kinetic energy
density, Eu(r), and magnetic energy density, Eb(r), are as follows:
∂
∂t
Eu(r) + uj∂j
(
1
2
uiui
)
= −∂j(ujp) + [Bj∂jBj ]ui − νω2, (11)
∂
∂t
Eb(r) + uj∂j
(
1
2
BiBi
)
= [Bj∂jui]Bi − ηJ2, (12)
where ω = ∇×u is the vorticity, and J = ∇×B is the current density. To derive
the corresponding equations in Fourier space, we perform scalar product of Eq. (4)
with u∗(k); the resulting equation and its complex conjugate are added together
to obtain an equation for the modal kinetic energy. Similar operations on Eq. (5)
with B∗(k) yields the equation for the modal magnetic energy. These equations
are
d
dt
Eu(k) = −<[Nu(k) · u∗(k)] + <[Fu(k) · u∗(k)]
=
∑
p
= [{k · u(q)}{u(p) · u∗(k)} − {k ·B(q)}{B(p) · u∗(k)}] ,
(13)
d
dt
EB(k) = −<[NB(k) ·B∗(k)] + <[FB(k) ·B∗(k)]
=
∑
p
= [{k · u(q)}{B(p) ·B∗(k)} − {k ·B(q)}{u(p) ·B∗(k)}] ,
(14)
2
where k = p + q. For simplification we set ν = η = 0. Note that the pressure p(k)
disappears due to the incompressibility condition k · u(k) = 0.
3.1. Combined energy transfers in MHD turbulence: The sums in Eq. (13,
14) involves all the modes of the system. However, considerable insights are
gained when we focus on a pair of triads, (X,Y,Z) and (−X,−Y,−Z). Note
that X + Y + Z = 0 for a triad. Under this truncation, the above energy equa-
tions get reduced to the following form:
d
dt
Eu(X) = S
uu(X|Y,Z) + Sub(X|Y,Z), (15)
d
dt
Eb(X) = S
bb(X|Y,Z) + Sbu(X|Y,Z), (16)
where
Suu(X|Y,Z) = −= [{X · u(Z)}{u(Y) · u(X)}]−= [{X · u(Y)}{u(Z) · u(X)}] ,
(17)
Sbb(X|Y,Z) = −= [{X · u(Z)}{B(Y) ·B(X)}]−= [{X · u(Y)}{B(Z) ·B(X)}] ,
(18)
Sub(X|Y,Z) = = [{X ·B(Z)}{B(Y) · u(X)}] + = [{X ·B(Y)}{B(Z) · u(X)}] ,
(19)
Sbu(X|Y,Z) = = [{X ·B(Z)}{u(Y) ·B(X)}] + = [{X ·B(Y)}{u(Z) ·B(X)}] .
(20)
These are the combined energy transfers to wavenumber X from the other two
wavenumbers Y and Z, and they are summarised in Table 1. For these func-
tions, the first argument is the receiver wavenumber, while the rest two are giver
wavenumbers.
Table 1: Summary of various combined energy transfers in MHD turbulence.
ET Receiver mode Giver modes
Suu(X|Y,Z) u(X) u(Y), u(Z)
Sbb(X|Y,Z) B(X) B(Y), B(Z)
Sub(X|Y,Z) u(X) B(Y), B(Z)
Sbu(X|Y,Z) B(X) u(Y), u(Z)
3.2. Mode-to-mode energy transfers: An important question is whether we
can compute the individual energy transfers to wavenumber X from wavenumbers
Y and Z. Dar et al. [2], Verma [3], and Verma [4] derived formulas for these
transfers. We will describe these formulas in the following discussion.
We denote the desired “mode-to-mode energy transfer” using Sfg(X|Y|Z)
that represents the energy transfer from mode g(Y) to mode f(X) with mode
h(Z) acting as a mediator. Thus, the receiver, giver, and mediator fields are
f ,g,h respectively, and the corresponding wave numbers are X,Y,Z respectively.
The receiver, giver, and mediator wavenumbers appear as arguments of S in the
same order.
In Fig. 1 we illustrate some of the energy transfers of MHD transfers. From
the structure of Eqs. (15-20) we deduce that MHD turbulence has velocity-to-
velocity (U2U), magnetic-to-magnetic (B2B), magnetic-to-velocity (B2U), and
velocity-to-magnetic (U2B) energy transfers.
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Figure 1: A wavenumbers triad (X,Y,Z) with X + Y + Z = 0 with blue and
green symbols representing the velocity and magnetic modes respectively. In the
figure, Suu, Sbb, Sbu are the mode-to-mode U2U , B2B, and U2B transfers.
The energy transfer is scalar and additive quality, similar to the financial
transactions. In addition, the energy exchanges must satisfy the following proper-
ties:
1. The sum of Sfg(X|Y|Z) and Sfg(X|Z|Y) is the combined energy transfer
Sfg(X|Y,Z). That is,
Sfg(X|Y|Z) + Sfg(X|Z|Y) = Sfg(X|Y,Z). (21)
2. The energy transfer from g(Y) to f(X), Sfg(X|Y|Z), is equal and opposite
to the enstrophy transfer from f(X) to g(Y), Sgf (Y|X|Z), i.e.,
Sfg(X|Y|Z) = −Sgf (Y|X|Z). (22)
In addition to the above properties, the mode-to-mode transfer functions must
also satisfy Eqs. (15-20). It is easy to observe that the following functions satisfy
the above constraints [2, 3]:
Suu(X|Y|Z) = −= [{X · u(Z)}{u(Y) · u(X)}] , (23)
Sbb(X|Y|Z) = −= [{X · u(Z)}{B(Y) ·B(X)}] , (24)
Sub(X|Y|Z) = −= [{X ·B(Z)}{B(Y) · u(X)}] , (25)
Sbu(X|Y|Z) = −= [{X ·B(Z)}{u(Y) ·B(X)}] . (26)
They represent the velocity-to-velocity, magnetic-to-magnetic, magnetic-to-velocity,
and velocity-to-magnetic energy transfers respectively. The formulas of Eqs. (23-
26) are products of (a) a scalar product of the giver and receiver modes, and (b) a
scalar product of the mediator mode with the receiver wavenumber. We summarise
these transfers in Table 2.
However, there is a complication. The above solution set based on conditions
of Eqs. (15-20) and Eqs. (21, 22) is not unique [2, 3]. We invoke the following
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Table 2: Summary of various mode-to-mode energy transfers in MHD turbulence.
Here the wavenumbers of the receiver, giver, and mediator modes are X,Y,Z
respectively.
ET Receiver Giver Mediator Formula
Suu(X|Y|Z) u(X) u(Y) u(Z) −= [{X · u(Z)}{u(Y) · u(X)}]
Sbb(X|Y|Z) B(X) B(Y) u(Z) −= [{X · u(Z)}{B(Y) ·B(X)}]
Sub(X|Y|Z) u(X) B(Y) B(Z) = [{X ·B(Z)}{B(Y) · u(X)}]
Sbu(X|Y|Z) B(X) u(Y) B(Z) = [{X ·B(Z)}{u(Y) ·B(X)}]
u(X)
u(Y)
u(Z)
−[(u ⋅ ∇)u] ⋅ u
−ℑ [{X ⋅ u(Z)}{u(Y) ⋅ u(X)}]
Suu(X |Y |Z)
B(X)
B(Y)
u(Z)
[(u ⋅ ∇)B] ⋅ B
ℑ [{X ⋅ u(Z)}{B(Y) ⋅ B(X)}]
Sbb(X |Y |Z)
u(Y)
B(Z)
[(B ⋅ ∇)B] ⋅ u
−ℑ [{X ⋅ B(Z)}{B(Y) ⋅ u(X)}]
Sbu(X |Y |Z)
B(Z)
[(B ⋅ ∇)u] ⋅ B
ℑ [{X ⋅ B(Z)}{u(Y) ⋅ B(X)}]
Sub(X |Y |Z)
B(X)
B(Y)
u(X)
(a) (b)
(c) (d)
Figure 2: A schematic diagram exhibiting mode-to-mode energy transfers in
MHD turbulence: (a) U2U , (b) B2B, (c) B2U , and (d) U2B. Here the wavy lines
represent the mediator modes.
physical arguments to show that the above functions are indeed the desired mode-
to-mode energy transfers.
In Eq. (2), the nonlinear term (u · ∇)B represents the advection of the mag-
netic field B by the velocity field u. Therefore, for this process, u only mediates
the B2B energy transfer. In the equation for the magnetic energy [Eq. (12)], the
B2B energy transfer is via the term uj∂j
(
1
2BiBi
)
. Here, u, which is to the left
of the derivative operator, acts as a mediator for the energy transfer between B’s,
which are in the right of the derivative operator. In Fourier space, it corresponds
to Sbb(X|Y|Z) of Eq. (24), which is the energy transfer from B(Y) to B(X) with
the mediation of u(Z) (wavy line). See Fig. 2(b) for an illustration.
Following the same arguments we can show that Eq. (23), which is illustrated
in Fig. 2(a), represents the U2U energy transfer. When we relate the above with
the nonlinear term uj∂j
(
1
2uiui
)
of Eq. (11), The mediator mode u(Z) corresponds
to uj [as in Eq. (24)], while the giver and receiver modes are u(Y) and u(X)
respectively.
For the other two energy transfers of Eqs. (25, 26), the velocity field does
not act as a advector. Rather, the magnetic field takes that role, as illustrated in
5
Fig. 2(c,d). For both these transfers, B(Z) acts as a mediator. In Sbu(X|Y|Z),
B(X) receives energy from u(Y), but in Sub(X|Y|Z), u(X) receives energy from
B(Y).
We remark that that Verma [4] also provided symmetry-based arguments to
show that Eqs. (23- 26) are indeed the respective mode-to-mode energy transfers
of MHD turbulence. These derivations however are beyond the scope of this paper.
4. Energy fluxes in MHD turbulence: The mode-to-mode energy
transfers provide perfect recipe for computing the energy fluxes for MHD turbu-
lence. We consider a wavenumber sphere of radius k0. Various energy fluxes for
this sphere are:
1. Πu<u>(k0): Energy transfers from all the velocity modes inside the sphere to
all the velocity modes outside the sphere:
Πu<u>(k0) =
∑
|Y|≤k0
∑
|X|>k0
Suu(X|Y|Z). (27)
2. Πu<b> (k0): Energy transfers from all the velocity modes inside the sphere to
all the magnetic modes outside the sphere:
Πu<b> (k0) =
∑
|Y|≤k0
∑
|X|>k0
Sbu(X|Y|Z). (28)
3. Πb<b>(k0): Energy transfers from all the magnetic modes inside the sphere to
all the magnetic modes outside the sphere:
Πb<b>(k0) =
∑
|Y|≤k0
∑
|X|>k0
Sbb(X|Y|Z). (29)
4. Πu>b< (k0): Energy transfers from all the velocity modes outside the sphere to
all the magnetic modes inside the sphere:
Πu>b< (k0) =
∑
|Y|>k0
∑
|X|≤k0
Sub(X|Y|Z). (30)
5. Πu<b< (k0): Energy transfers from all the velocity modes inside the sphere to
all the magnetic modes inside the sphere:
Πu<b< (k0) =
∑
|Y|≤k0
∑
|X|≤k0
Sub(X|Y|Z). (31)
6. Πu>b> (k0): Energy transfers from all the velocity modes outside the sphere to
all the magnetic modes outside the sphere:
Πu>b> (k0) =
∑
|Y|>k0
∑
|X|>k0
Sbu(X|Y|Z). (32)
In the above formulas, the superscripts and subscripts represents the giver and
receiver modes respectively, while < and > represent the modes residing inside
and outside the sphere respectively. The above fluxes are illustrated in Fig. 3(a).
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Figure 3: (a) Various energy fluxes in MHD turbulence. (b) Energy fluxes com-
puted by Debliquy et al. [5].
In Fig. 3(b) we illustrate the energy fluxes computed by Debliquy et al. [5]
using numerical data of decaying turbulence simulation. Some important obser-
vations from the plot are: (a) The B2B energy transfer is positive; (b) There is
an energy transfer from the large-scale magnetic field (b < ) to large-scale veloc-
ity field (u <); (3) The U2U transfer is strongly suppressed. Note however that
the energy transfers for forced MHD and decaying MHD are quite different. For
example, forced MHD always exhibit positive Πu<b< (k).
An important regime of MHD turbulence is steady state, which is obtained
when the energy supply by Fext matches with the total dissipation rate tot. We
denote the viscous dissipation rate of the velocity field by u, and the Joule dissi-
pation rate of the magnetic field by b (see Fig. 3(a)). Note that tot = u + b.
Here we state without proof some of the identities for a wavenumber sphere
in the inertial range:
Πu<u>(k) + Π
u<
b> (k) + Π
b<
b>(k) + Π
b<
u>(k) = Πtot(k) = tot, (33)
Πallu>(k) = Π
u<
u>(k) + Π
b<
u>(k) + Π
b>
u>(k) = u, (34)
Πallb>(k) = Π
b<
b>(k) + Π
u<
b> (k) + Π
u>
b> (k) = b, (35)
Πu<b< (k) + Π
u<
b> (k) + Π
u>
b< (k) + Π
u>
b> (k) = b (36)
Πu<b< (k) + Π
u>
b< (k) = Π
b<
b>(k), (37)
Πu<u>(k) + Π
u<
b< (k) + Π
u<
b> (k) =
∑
k
Fext(k) = tot. (38)
Note that the above identities are not all independent.
In the next section we describe how the energy fluxes can provide valuable
inputs to the dynamo process, which is the magnetic energy growth in astrophysical
objects.
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5. Application to large-scale dynamo: The dynamo process remains
an unsolved problem [6]. Researchers have attempted to understand dynamo pro-
cess by various schemes: α-dynamo, experimental dynamos, dynamo transition [7],
numerical dynamos, etc. Also, there are many parameters—Prandtl number,
Reynolds number, geometry, forcing, etc.—that affect the dynamo process.
In this section, we present energy fluxes for large-scale dynamo that is forced
at intermediate scale. An important question is whether the large-scale magnetic
field will grow. Kumar and Verma [8] studied one such dynamo in which the
forcing was employed at scale 1/10 the box size, i.e., k ∈ (10, 11). They performed
numerical simulation of this dynamo, and then analysed various energy fluxes at
different stages of the magnetic field growth. The flow was forced with a net
kinetic energy injection rate of unity but with negligible kinetic and magnetic
helicity. Thus, this is a nonhelical dynamo. Also, the magnetic Prandtl number
Pm was chosen to be unity.
𝑦
𝑥
𝑘0
𝓕u(𝑘=10)
u<
b<
u>
b>
𝑘0
𝑘0 0.002
1.0
0.006
0.0005
0.0
1
0.01
0.01
0.002
0.46
0.5
2
0.46
u<
Figure 4: Various energy fluxes for the nonhelical dynamo of Kumar and Verma [8].
These fluxes are of t = 127 eddy turnover time.
In Fig. 4 we exhibit various energy fluxes and dissipation rates towards the
later stages (t = 127 eddy turnover time) of the dynamo process when kinetic and
magnetic energies have reached a steady state. The central brown circle in Fig. 4
represent sphere of radius k0 = 8. Note that k0 < kf , thus it represents the large
scales. When we focus on this figure, we observe that Πu>b< (k0) ≈ 0.01 is the most
dominant energy input to this sphere. Also, the b < sphere loses relatively small
amount of energy to u < and b >. The Joule dissipation in the sphere, represented
by red wavy line, appears to balance the energy input to the sphere. Thus, the
large-scale magnetic field is sustained by the Πu>b< energy flux. This energy flux is
only 1% of the total energy injection rate, but this is sufficient because the Joule
dissipation is quite weak due to the k2 factor.
This dynamo has other interesting features, e.g, u ≈ 0.53 (sum of 0.52 and
0.01) and b = 0.47 at t = 127 time unit. Figure 5 illustrates plots of energy flux
Πu>b< at other instances. These plots show that large-scale magnetic field always
get small amount of energy from the forcing band.
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Figure 5: The energy fluxes Πu>b< in MHD turbulence at various stages of the
dynamo. All the energy fluxes of Fig. 4 are for t = 127 eddy turnover time.
Kumar et al. [9, 10] analysed energy transfers for small and large magnetic
Prandtl numbers and reported the dominant sources of inputs to the magnetic
energy. These computations show that the energy fluxes provide valuable insights
into the dynamo mechanism.
6. Conclusions: In this paper we report various energy transfers in
MHD turbulence. In particular, we detailed the mode-to-mode velocity-to-velocity,
velocity-to-magnetic, magnetic-to-magnetic, and magnetic-to-velocity energy trans-
fers. Then, we described the six energy fluxes of MHD turbulence that provide
valuable information on the energy transfers among large-scale and small-scale
fields.
The above energy fluxes and other related quantities are very useful for under-
standing turbulence dynamics. In this paper we illustrate how the energy fluxes
help us understand the growth of the large-scale magnetic field when the external
forcing is employed at the intermediate scale.
We also remark that the above formalism of energy transfers is quite general,
and it has been extended to other systems such as passive scalar, thermal con-
vection [11], shell model [12, 13], etc. Dar et al. [2] and Verma [3] also showed
how the mode-to-mode energy transfer formalism removes the ambiguity in shell-
to-shell energy transfer computations encountered in the calculations that employ
the formalism of combined energy transfer.
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